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1. INTRODUCTION
In this article we consider the Cauchy problem of the form

ug + A%u = f(z,u), t>0, xveRYN
U(O,ZI’J) = U()($), S RN?

(1.1)

where the nonlinear term is assumed to satisfy a certain critical or supercritical growth
condition.

Critical exponents appear naturally when dealing with the well posedness of partial dif-
ferential equations and they typically arise from Sobolev embeddings. These exponents
describe, among others, the largest growth allowed for the nonlinear term in a given class of
initial data. As such, critical exponents only account for growth of the nonlinear terms and
not for its sign. Thus, they do not distinguish in general between “good” or “bad”-signed
nonlinearities, e.g. for nonlinearities that for large values of u behave like +|u|*~'u. However
the sign of the nonlinear term is known to have a deep impact in the behavior of solutions
of nonlinear problems.

For reaction diffusion equations

{ut—Au:f(x,u), t>0, v €RV,
(

1.2
u(0,7) = up(x), v € RY, (1.2)

and considering for example initial data in the ‘energy” space HY(RN), if | f(z,u)| ~ |ul? for
|u| large, local ex1stence holds for p <14 %5, see e.g. [2], while if f(z,u) ~ |u[~ u for |u|
large, if p > 1 + 5 then is ill posed, see [5]. Note that 1’ has naturally associated

the energy functlonal
1
Erp(u) ::5/ \Vu\Q—/ F(z,u),
RN

where F(z,u) = [ f(x,s)ds and if |f(2,u)| ~ |u|® for |u| large, then typically |F(z,u)| ~
lulP** for |u| large. Thus the critical exponent p, = 1+ 5 in H'(R") arises naturally as
the largest value of p such that HY(RY) c LPFY(RY). For larger p the nonlinear term can
not be controlled by the quadratic one.

On the other hand, it is known that when f(z,u) ~ —|u|*"lu for |u| large, the Cauchy
problem ([1.2]) is well posed and dissipative for any value of p, see [3]. A key point in the
analysis 0 in [3] is that, by the maximum principle, for any value of p, the solution of
becomes bounded in L>®(RY).

Observe that has also a natural energy

E(u) = %/RN |Auf? — /RN F(z,u). (1.3)

As for , the critical exponent for , pe =1+ % in H?(RY), arises naturally as
the largest value of p such that H*(RY) c LPYY(RY). For supercritical nonlinearities, if
p > p. and if f(z,u) ~ —|u|’"tu for |u| large, then gives bounds on the solutions in
H?*RN) N LPT(RY). However this is not enough to prove that the solutions exists for all
times, which depends strongly in proving that the solution remains in L>(R"), see [13].

In particular, it was proved in [I3, Proposition 3.3] that if u € L°°((0,T), L**(R")) and

S0 > %(p —1) (1.4)
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then ||ul| poe (), oo@ny)y < K (&, ||wf| Lo (o), 000 ®Ny)) for any € > 0 small. But we can take
so=p+1on only if p is subcritical in H*(RY).

For the arguments in [3] and [5] mentioned above use in an essential way the maxi-
mum principle, which does not hold for fourth order equations since the kernel of the linear
evolution operator changes sign, e.g. [21I]. On the other hand, for the second order parabolic
problems satisfying some general assumptions, by the Moser-Alikakos technique, [I], suitably
weak estimate of the solutions actually implies the L*°-bound. Neither of these, nor other
techniques of getting L>°-bound on the solutions (see e.g. [26, Theorem I1.6.1]), are directly
applicable to , due to the presence of the higher order terms in .

Hence, one of the motivations for this paper is to extend the results in [3] and [5] for (L.1).
Problems like drew lots of attention in the recent years; see e.g. [9, 15 [16, 17, [I8],
19, 20} 12, 13] and references therein. In particular in [I2] local existence of solutions for
(1.1]) was discussed for several classes of initial data and up to critical nonlinear terms. Also,
global existence and asymptotic behavior was studied in [I3] for subcritical “good”—signed
nonlinear terms. On the other hand [9, [15] [16, [I7, [I8] payed attention to global solutions of
supercritical “bad”—signed nonlinear terms. For this additional restrictions on the size and
behavior at infinity of the initial data are required.

In this paper our goals are twofold. For good signed nonlinear terms, we will extend some
of the results in [I3] to supercritical nonlinearities. For this, we assume that the nonlinear
term in is of the general form

flz,u) = g(x) + m(z)u + fo(z,u), v € RY, u € R, (1.5)
where
g€ L*(RY). (1.6)
and
T N N
m € Li;(RY), 7’>Z,7’22 (1.7)
where the uniform space Li;(RY), for 1 < r < oo, is defined as
r def r
LU(RN) = {o€ LZOC(RN) : ||¢||L;,(RN) = Sl]gl)v ||¢||L"({|zfy|§1}) < oo},
ye
in particular L (RY) := L>®(RY) (see H]).
For fy: RY x R — R we require that
fo(z,0) =0, z € RY, (1.8)
afo p—1 N
a—(:c,u)| <c(l+uf), zeRY, uek, (1.9)
u
for some ¢ > 0 and p > 1 such that
N +4 8
> =1 d N>5. 1.1
P23 +N—4 an >5 (1.10)
and 5
a—{j(x, u) is locally Lipschitz in u € R uniformly for z € RY. (1.11)
We finally assume the structure condition
uf(z,u) < C(z)u? + D(z)|u| — aylul’tt, zeRY, ueR, (1.12)
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where

N
CeLy;RY), r> T
0<DeLY(RY <s5<2
N +14
a, is a strictly positive constant for p > N1 and a, = 0 for p = N—j:4
and 5 N
a—i(m,u) < L(x) for some L € LLRY), o > T

Note that (1.14) implies (1.12)) with a, = 0 since

(1.13)

(1.14)

wf(x,u) = u(f(x,u) — f(z,0) +uf(z,0) < L(x)u® + |g(z)||u] for z€RY, ueR.

Also the following stronger assumption implies both ((1.14]) and (1.12))
of

(@) < L) = aplul

for some L € LE(RY), o > %. This applies to logistic type maps, like
f(z,u) = g(x) + m(x)u — n(x)|u|’tu, v € RN u € R,
with n(z) > ng > 0 for a.e. z € RY.

(1.15)

With these assumptions we then show that the problem ([1.1)) is globally well posed in

L2(RM).

Theorem 1.1. Assume (1.9)- . Then for uy € L*(RY) there exists a function u =

u(+;ug) such that for any T >0
w € C([0,T), IARY)) 1 HY(0,T), HA(RY)) 0 L2((0,T), L (RY))
that satisfies in the sense that

du
/RN(EU + Aulv — f(z,u)v) =0

holds for a.e. t > 0 with any v € H*(RY) N LPTYRY), or equivalently,
du el

A= [(w) =0 in Ly ((0,00), (HRY) N LT ®Y))).

Also, for any T > 0,

t
u(t) = ey (r) 4 / e f(uls))ds, t> T

and u(t) — ug in L*(RY) as 7 — 0. If ug is sufficiently smooth, e.g. ug € C°(RY), then

the above holds for T = 0. Furthermore, if ug € H*(RY) N LPTH(RY) then
w: [0,T] — H*(RY) N LP(RY) is weakly continuous.
Finally, for uoy,uge € LA (RY) and T > 0,

[Ju(-; uor) — u('?u02)HC’([O,T},LQ(RN))0L2((O,T),H2(]RN)) < ¢(T)|luor — UOQHLQ(RN)a

for some ¢(T) > 0.



Thus
S(t) : LA (RY) — L*(RY), S(t)up = u(t;ue) for t >0, ug € L*(RY),

defines a CY semigroup {S(t) : t > 0} associated to in L2(RY).
We also establish some other properties of the semigroup {S(¢) : ¢t > 0}. We show that
for any t > 0, S(t) takes L*(RY) into H*(RY) N LPT(RY) and {S(¢) : t > 0}, restricted to
H?(RN) N LPTY(RY), is a closed semigroup (thus also asymptotically closed) in H?(RY) N
LPPYHRY) (see [28, [11]).
If, additionally, the linear and nonlinear parts of the equation suitably cooperate; that is
the solutions of the linear problem
{ut—l—AQu:C(a:), t>0, xr € RV,

u(0,7) = up(x), v € RY, (1.16)

are asymptotically decaying in L?(R") or, equivalently,

[ (1808 = C@)6) > walolsgem. 6 € HHRY) (117)

holds for some wy strictly positive (see [I3, Theorem 2.1]), we show that there exists a
bounded set By in L?*(RY) absorbing bounded sets in L?(R") under {S(t) : t > 0}. Moreover,
we prove

Theorem 1.2. Assume f and suppose that holds for some wy strictly

positive.
Then, the semigroup associated to in L>(RN) has a global attractor A, that is A is
invariant, compact in L>(RY) and

sup inf ||S(t)b — a||g2@yy — 0 as t — o0
peB a€A

for each bounded subset B of L*(RY). In addition, A is bounded in H*(RY) N LPH(RY).

We also show that each individual solution somehow approaches the set of equilibria of

).
On the other hand we prove that problems like (|1.1)) with supercritical “bad”-signed
nonlinearities are generally ill posed. In particular for the problem

A%y = |ulP~! t RY
up + A%u = |ulPtu, N> 0, z € RY, (1.18)
u(0,2) = ug(x), « € RY,
whose natural energy is given by
1 1
Bu) == [ |Auf - — L 1.19
=g [ o= [ (1.19)

we prove the following. Given p > 1, let ug be a smooth enough function. Then we say that
u(z,t) is a local finite energy solution of if it is defined for some 0 <t < T < oo and
for each t, u(t) € H*(RY) N LPTY(RY), w,(t) € L2(RY), satisfies the equation in and
t — E(u(t)) is absolutely continuous.

Theorem 1.3. Assume
N+4

N -4
5

p >




and assume ug s a smooth enough initial data such that
E(Uo) <0

and there exists a local finite energy solution of .
Then 1s ill posed in the sense of Hadamard in the class of finite energy solutions.
More precisely there exists a sequence of smooth functions uj such that

up — 0 in H*RY) N LPHHRY)

with negative energy, E(uf) < 0, and the corresponding finite energy solutions have existence
times
T, — 0.

If
~ N+4
T N-4
then s not uniformly well posed in the class of finite energy solutions. More precisely
there exists a sequence of smooth functions wg such that

up s bounded in  H*(RY) N LPHH(RY)

p

with negative energy, E(uy) < 0, and the corresponding finite energy solutions have existence
times

T, — 0.
We also discuss ill-possedness for other classes of solutions.

Some general comments on the assumptions above are in place. First, note that the super-
critical range we consider ([1.10]) requires N > 5, since for N < 4 any value of p is subcritical.
Although this may look unnatural from the physical point of view, mathematically it is in-
teresting to understand how linear and nonlinear terms interact in equations like (1.1f). Also,
with assumption with a, = 0, global existence and asymptotic behavior of solutions
was studied in [I3] either for subcritical problems in H?(RY), i.e. p < 1+ 5>, or up to
critical in L2(RY), i.e. p <1+ £. With the stronger assumption that paper also
considered subcritical problems in H?(R"™) and, as in Theorem , the solution was con-
structed for initial data in L2(R"). Here we have been forced to consider both and
(1.14]) simultaneously, which can be obtained from . However in the particular case of
critical p =1+ 12, our results here extend the ones in [I3].

A big difference between the analysis carried out in [3] for and the one here for (|1.1))
is the following. For both and and given some value of p > 1, it is always possible
to consider smooth enough initial data such that the problem is subcritical, see e.g. [3] and
[12], thus local existence of solutions follows. To prove global existence for these smooth
solutions under some condition on f(z,u) like (1.14), for the maximum principle gives
L bounds which do the job. However for maximum principle does not apply and one
has to rely on energy estimates. But for such smooth solutions, does not provide enough
information to prove global existence. Thus, for , one can use a density argument and
extend the global solution for initial data in say, L?(R"). Therefore, here instead of just
taking smoother initial data to begin with, we also regularize the equation to make it

subcritical and start the solution and prove it is global.
6



A brief description of the contents of this paper is as follows. In Section [2] we consider a
family of approximate regularized problems and derive the estimates of approximate solu-
tions.

In Section , for smooth initial data, we obtain a solution of as the limit solution of
the solutions of the regularized problems. We also prove such solution is unique in a suitable
class. We then extend such solutions to initial data in L?(R"™). In particular, we prove
Theorem [L11

In Section || we show the solutions in Section [3| define a C%-semigroup in L?(R") and
exhibit its dissipative properties. In particular, we complete the proof of Theorem and
that each individual solution somehow approaches the set of equilibria of , see Theorem
48

Finally in Section [5| we turn our attention to the problem with “bad”-signed nonlinearity,
, and prove that a local finite energy solution with negative initial energy ceases to
exists in finite time, see Theorem . Using this and some scaling properties of we
prove Theorem

Section [6] contains some final remarks concerning the supercrtitical nature of the nonlinear
term.

Acknowledgment. This work was carried out while the first author visited Departamento
de Matematica Aplicada, Universidad Complutense de Madrid. He wishes to acknowledge
hospitality of the people from this Institution.

2. APPROXIMATE SOLUTIONS AND A PRIORI ESTIMATES

In this section we consider a family of approximate regularized problems

uy + A%yt + A% = f(x,u"), t>0, v €RY, (2.1)
u"(0,7) = up(z), r € RY, '
where n € (0,1], 4k > N and
A:=—-A+1d. (2.2)

We will show below that is well posed for vy € H?**(R") and the solutions are globally
defined for ¢ > 0. Using this, in what follows, we obtain some bounds on the solutions of
. Note that we denote systematically below by ¢ a constant that is independent of 7.

We start with two preliminary results that will be used several times henceforth.

Proposition 2.1. Suppose that C' € L7;(RY) and r > max{%,1}.
Then, there exists a certain wy € R such that is satisfied. There exists also a
continuous decreasing real valued function w(v) defined in a certain interval [0, vy] such that

lim w(v) = w(0) = wo
and
/RN((1 —v)|Ag)* — C(z)¢?) > w(v) " ¢* for all ¢ € H*RN), v e [0,
Consider now the bilinear form b : H2(RY) x H?(RV) — R
o.0) = [ C@on, o0 e BERY), 2:3)

for which we have the following result.



Proposition 2.2. Suppose that C' € Lj;(RY) with r > & and r > 1.
Then for some ¢y > 0 we have

1b(e, V)| < colldll g2 emy 1] 2wy, ¢, € H*(RY).

Proof: Suppose that r < co as for r = oo the result is obvious.
We cover RY with cubes Q;, 1€ ZN | centered at i € Z" and having unitary edges parallel
to the axes so that RY = U;cpn Qs Where QmQ] = (Z) for i # j. Hence, applying a generalized

Holder’s inequality with py, pa, ps > 1, 2 ot o —|— - =1, we get
JRCTEDS / Clille] < Z Iz I9llzv2 @ 6l
icZN icZN
If N > 5 this holds for p; = &, p» = p; = 2% If N < 4 this holds with p; = r,

p2 = p3 = 2r'. In either case L, (RY) C LP*(Q;), H*(Q;) C LP*(Q;)NLP*(Q;) and we get that
1

3 1
| Jan Co9| is bounded by a multiple of ||C Lt (RN) (ZieZN ||¢”%12(Qi)> 2 (ZieZN H¢||H2(Qi)) 3
Consequently, | [y Cov| < c||Clly @) |6l 2@y 9] 2@y, Which proves the result. O

2.1. Estimates up to time ¢ = 0.

Lemma 2.3. Assume (1.9)-(1.19) and |Juo| L2~y < R.
Then, for every T > 0, we have

[’ ()| F2@yy < Mi(R,T),  0<t<T (2.4)

for some My(R,T) independent of n € (0, 1].
Furthermore,

1
HunH%?((O,T),HQ(RN)) + ClpHUnHZL1((07T)7L,;+1(RN)) < My (R,T), (2.5)

for some My(R,T) independent of n € (0, 1].
If holds for some wy > 0 we have in fact

[0 ()| 2@y < Nluoll72g@nye™" + M(1—e™)
for some M,w > 0 and independent of 7.

Proof: Multiplying (2.1]) by u”, integrating, using ([1.12))-(1.13)) and the embedding H?(R") <
1.13)

L*'(RY), with s as in (1.13), we get

1d
5 gy + AR By + 18 ey + o5 v
< [ c@wr+ [ D@l < [ @+ 1Dl el
RN RN RN
and hence

1d
2 dt

o @ry + DA oy + 1AW T gy + apllu 1755 oy

< [ C@IP + ZUDI.am, + 5 (1807 By + o7 e
8



Writing ||Au”||%2(RN) as el Au]3, 2@y T (1= &) Au” 12, &~y and using Proposition H we
get
1d
2dt

1
||U77||L2 RNy T 77||Akun||L2 ®~) T ||Aun||L2(RN) + ap”“””ﬁﬂ (RN) + W”UWH%Q(RN)

(2.6)
< EHDHQLS(RN)

for some w € R, which is positive if wy in (2.3)) is positive. Gronwall’s lemma now leads to
(2.4), while integrating (2.6) and using (2.4]) we get (2.5)). O
Lemma 2.4. Besides the assumptions of Lemmal|2.4 assume also and ug € H*(RYN).

Then the solutions of (2.1)) satisfy the estimates

[uf (O 2@ny < || = 1A ug + (=A% + m)ug + fo(-,u0) + gl 72 gaye™ (2.7)

and

4?12 0.0y, 2y < €ll = nA* ug + (=A% +m)ug + fol- uo) + gll7z@ny (e +1)  (2.8)
with certain & € R, ¢ > 0 independent of n € (0,1] and the initial condition uy.

Proof: Differentiating (2.1)) with respect to time we obtain that v = u; satisfies

v + Aot + A2 = Y (g M, >0, v e RY,
v(0,2) = —nAug(z) — A’ug(x) + f(z,ue(x)), v € RY.

Multiplying the first equation in (2.9)) by v”, integrating and using ([1.14]) we get
1d

3 1B + 1IN ey + 1807 oy = [ L@ <0,
RN

Writing HAv”Hm(RN as el Av"|[3, &) T (1 —e)|Av"|2, &~y and using Proposition H we
obtain
1d

2 dt

for £ small enough and some w. € R. This leads to ) while ) follows from ([2.7)) and
[@-10). O

— V2 @ny + ll AV (L2 @ry + well0"[72@) <0, (2.10)

Now we obtain some estimates on the solutions u” using the energy ((1.3). Hence we first
prove the following.

Proposition 2.5. [12, Lemma 3.1]. If fo satisfies (1.8), then there exist certain

functions fo1, foo such that

Z) fo(l’,U) = f01($7u) + fOQ(xau)a LS RN? u € ]Ra

i) for(z,0) = foo(x,0) = 0, z € RY,

i) for(x,u) is globally Lipschitz in u € R uniformly for v € RY and

w) for some ¢ > 0 we have | foo(z,u1) — foo(z, ua)| < cluy —ug|(Jur [P~ + ug|P™h), uy,us € R.
Consequently,

|for(z,w)| < elul and |foo(z,u)| < clulf for all u € R, x € RY. (2.11)

Using this decomposition, we have



Lemma 2.6. If conditions (ﬂ) ' hold then
)

(B0 < c(llgll 2@ + [0l Fz@n) + 18117550 gr))s ¢ € HARY)NLFHRY),  (2.12)

for some constant ¢ > 0.
ii) There are constants ay,as,az > 0 such that

a1 ([0l 72y + |01 e ) — a2 < B(9) + ag|| 0|72y ¢ € HARM) N LAFH(RY). (2.13)
Furthermore, (2.13) holds with az = 0 provided that holds for some wy > 0.
Proof: i) Observe that using we get

|/ (z ¢|</ m (x)|¢2—|—/RN |g(x)¢]+§/RN |¢(m)|2+pj1/w ().

Using now (|1.6]), Proposition and Holder’s inequality we get (2.12)).
ii) From (1.12)) we now have

1
- o 1yt weR
0 2
and hence for ¢ € H?(RY) N LPTHRY),
2a
B@) > [ 1Ak [ c@e -2 [ D@lol+ Ll e
RN RN

Using (1.13) and the embedding H?(RY) < L* (R") and taking into account that the norm
|AG| 2wy + ||l 2y is equivalent to the H*(RY) norm we get, with Hélder’s inequality,
2a,

_ p+1 > 2 2 _
28(0) - 2l 2 [ (80P~ [ w2

2 2 € 2
> [ 1aof - [ o =4ip

9
Ls(RN) — §<HA¢||%Q(RN) + 1112 @y)
€ 2 2 2 ¢ 2 a2
= 2180l + [ (1= AG = Cl@)6?) = IDIE qany = S0l

Ls(RN)W L' (RN)

Applying Proposition [2.1] with € > 0 small enough we obtain

2a c
2E(¢)— — ||¢||’£1’+11 ') 2 2||A¢>||Lz vy + Wl @22 @y —EHD 7o @)

with some w € R, which is positive if wg in ((1.17)) is positive. The proof now follows easily. [
Hence for the solutions of (2.1]) we have

Lemma 2.7. Assume f and uy € H*(RY). Then the solution of satisfy,
fort >0,

U
a1 ([0 Oy + apllu” @175 ) < Eluo) + 5 1A uoll 72y + a2 + asllu”(8) [ 12,

where a1, as, az are the constants from Lemma [2.6,
10



Proof: Multiplying (2.1)) by u; we obtain

d n
—(E@(#) + S I @) 2@x)) = —luf O 2@y, <0 (2.14)
Integrating (2.14) we have
n n
B((#)) + TS Oy < o) + A w0l (2.15)
Using now (12.13]) we get the result. O

2.2. Estimates away from zero. Now we derive better estimates on time intervals away
from t = 0.

Lemma 2.8. Assume (ﬂ) (-) and ||uol|r2@yy < R. Then for any 0 < 7 < T the
solution of . satisfies

||U ( )||H2(RN) + aP”un( )Hz—;il (RN) < M3<R7 T, T) T S 13 S T7 (216)
where M3(R,T,T) does not depend on n € (0,1].

If wg n 15 positive then the bound above can be taken independent of T', i.e. Mg =
M3<R7 7_) :

Proof: Using (2.4) and, for 0 < t + 7 < T, integrating (2.6]) in the interval (¢,¢ + 7), we get

t+7 . t+7 t+7 1
2 2
[l g, [ 0B a0 [ 0y < @R D) 27
t t t

for some constant ¢;(R,T) > 0 independent of ¢t € [0,7 — 7] and n € (0, 1]. Using then (2.12))

and ([2.17) we have
t+1
| B+ JIN o) < ealRT) 219
t

with ¢y(R,T) independent of € (0,1] and ¢ € [0,T — 7].
Now, for s € (t,t + 7) integrating in ([2.14]) yields

n n
E@(t+7)) + §||A'°U”(t +7)[Z2@y) < E('(s)) + EHAkun(S)H%?(RN) (2.19)

and integrating (2.19) with respect to s € (¢,t + 7) and using (2.18)) we conclude that

CQ(R, T)
T

E"(t+71))+ EHAku”(t + 7)1 T2 @y < for t € (0,7 — 7]. (2.20)

Thus, from this and and (| - we have

(R, T

a1<||u”<t>||%w) Fa O ) < 25D oy paan () r<i<T

and we get the result.
Observe that if wy in (1.17)) is positive, then the estimate in (2.4)) is independent of 7" and

so are the bounds in (2.1 m and m O

Lemma 2.9. Assume (u) (-) and |[uo|2@yy < R. Then for any 0 < 7 < T the
solution of - satisfies

[uf ()12 @y < Ma(R,7,T), 7<t<T, (2.21)
11




and
||U?H%2((T,T)7H2(RN)) < Ms(R,7,T) (2.22)

where My(R,7,T) and Ms(R,7,T) are independent of n € (0, 1].
Moreover, if wg in is positive, then My = My(R,T) and Ms = Ms(R, T).

Proof: We integrate in (2.14) and use (2.20)) in the right hand side and (2.13]) and (2.4)) in

the left hand side to get
t+T1
/’ymm;mmgcma@T% r<t<t+r<T (2.23)
t

Now, fix s € (¢,t + 7), integrate in (2.10) in (s,t + 7) neglecting the Laplacian term, and
use ([2.23)) to obtain
luf (¢ + )72y < 6 (3)lI72@n) + c2(R, 7, 7).
We now integrate in s € (¢, + 7) and use (2.23)) again to obtain
(1471)

[uf (t +7) 72y < o(R7,T), 7<t<T.

Since 7 and T are arbitrary, we get (2.21). Integrating again in (2.10) and keeping the

Laplacian term, we get ([2.22)).
Finally, if wy in ((1.17)) is positive, the estimate in (2.20) and ([2.23|) are independent of T°

and so are (|2.21)) and (|2.22)). O

Remark 2.10. If we assume that f does not depend on x, then L in does not depend
on x either, and then after multiplying [2.1)) by Au" and integrating over RN we would get
a term of the form

- [ gnaw = [ panwepzs [ v
RN RN RN
and we would get from
1
[vawr < [ usw— [ fanae < S0 + 180 m) + LIV o)
Using and we could conclude that, given ||uol|p2@yy < R and 0 <7 < T,
s vy < Ms(R, 7, 7).

In particular, this gives an L=(RN) bound, independent of n, on the solutions of , for
every p > p. in dimension N <5.

2.3. Existence, uniqueness and regularity of approximate solutions. For the ex-
istence, uniqueness and regularity results for (2.1), we use [23], 29]. For this, recall that
A = —A+1d is a self-adjoint positive definite operator in L?(RY) and so is A% = (—=A+1d)*
for every integer k > 0 (see [23], § 1.4, 1.6]). Thus, A?* is a negative generator of a C° analytic
semigroup in X := L?(RY). The fractional power spaces of this operator are given by

X = D((A*)*) = D(A***) = H**(R") for each o € (0,1), k € N,
(see [10] (1.3.48), (1.3.62)]); in particular

X2 = H*(RYN).
12



We now fix k£ > 2 large enough such that

N
2 — 5 >0, (2.24)
in which case
H?*(RYN) — L=(RY). (2.25)
Hence, for n > 0 A, := nA®*, is still positive selfadjoint with the same fractional power

spaces as above.
Thus, (2.1) can be written as an abstract problem

{C@Lj + A = F(uh) = —A% + f(-ul), >0,

0) — (2.26)

and we prove the following result.

Proposition 2.11. Assume (1.5)- and . Then,
i) given ug € H?*(RYN), there exists the unique global mild solution u" of ([2.1)) which satisfies

u" € C([0,00), H*(RN))NC((0,00), H*¥(RN))NC((0, 00), H¥(RN)) for any 3 € [0,1) and
u'l satisfies .
i) If, in addition, uy € H*(RY) then also u" € C([0,00), H*(RY))) N CY([0, 00), L2(RY)).

iii) Actually, if ug € H*(RYN) then v? = %2 satisfies

DL+ At = F(uh)o" = — A% + %(~,u’7)v’7, t>0,
/077(0) = —An'LLQ + .F(UO)

Proof: i) Due to and assumptions on f, the nonlinear term F in is Lipschitz
continuous map on bounded sets from H?*(RY) into L*(RY). Hence local existence part
for follows as in [23] (see also [10, Lemma 2.2.1 and Corollary 2.3.1]). The solution
actually exists for all ¢ > 0 because and Lemmas imply that H%(R™)-norm
of " does not blow up in a finite time.

For part ii) we refer the reader to [33, Theorem I.1].
iii) To obtain observe that, by (1.11)) and (2.25)), F is of the class C*(H?*(RY), L?(R"))
and its Fréchet derivative, F'(p)h = —A?h+m(-)h+ %(-, ©)h, p, h € H*(RY), is Lipschitz
continuous on bounded sets from H?*(RY) into L(H*(R"Y), L?(RY)).

Therefore, F(u"(-)) is C1((0,00), L*(RY)) and from the proof of Corollary 2.5, page 107
in [29] we get that v" = v is a mild solution of (2.27), that is

(2.27)

t
v(t) = e (= Ayuo + F(uo)) +/ e MU= F (1 (s))o"(s)ds, t > 0.
0

Since, from i), 2(¢) is locally Hélder continuous from (0,00) into H*(RY) (see [23,
Theorem 3.5.2]), using the Lipschitz property of F’, we obtain that F'(u"(s))v"(s) is locally
Holder continuous from (0, c0) into L?(RY). Consequently, v is a strong solution of (2.27)),

see [23, Lemma 3.5.1]. O

Remark 2.12. Note that the regularity of u" in Proposition |2.11] implies that all estimates
in Lemmas and[2.9 are valid.

3. LIMIT SOLUTIONS

Here we construct a unique global solution of (|1.1)) as a limit of solutions of (2.1]) as n — 0.
13



3.1. Smooth initial conditions. We start from the following auxiliary lemma.

Lemma 3.1. Assume (1.4)-(1.14) and [2:24). Suppose also that ug € H*(RY) and u" are
the solutions of through ug as in Proposition |2.11]

Then, given a sequence of parameters n — 07, there is a subsequence of {u"}, which for
simplicity we denote the same, and there is a certain function w such that, for any T > 0,

uw € L®((0,T), H*RY)n LFYRY) N HY((0,T), H*(RY)), (3.1)
and
i)
ul — u
weakly in H*((0,T), H*(RYN)), in LPTL((0,T), LPFTH(RY)) and weak-+ in L>=((0,T), H*(RN)N
LPPHRY)) .
i)
uy — Uy

weak-+ in L>=((0,T), L*(RY)).
In particular u? — u in C([0,T], Hy (RY)), for any s < 2 and u"(t,z) — u(t,z) a.e. on
RY for each t € [0,T] as well as for a. e. (t,x) € [0,T] x RY.

Proof: The weak convergence above comes from the bounds in Lemmas and [2.4], which
are uniform with respect to 7. In fact the uniform bounds on the time derivatives imply
the equicontinuity of 7 with values in L*(R"). This combined with the uniform bounds in
H?(RY) and interpolation, gives the equicontinuity of " with values in H*(R") for any s < 2.
Finally, since the embedding H?(RY) C H; (R") is compact, Arzela-Ascoli arguments give
the convergence in C([0,T], H; .(RY)), for any s < 2.

Finally, using an increasing sequence of balls in RY and a diagonal argument, we obtain

the a.e. convergence in the statement. O
With this, we can prove the following.

Theorem 3.2. Assume (1.9)- . Then for each uy € H*(RY) there exists a unique
function such that for any T > 0,

u=u(-,up) € L=((0,T), H*(RY) n LRy N H'((0,T), H*(R"Y)), u(0) = o,
and solving in the sense that

d
/ (—uv + Aulv — f(z,u)v) =0 (3.2)
gy dt
holds for a.e. t > 0 with any v € H*(RN) N LPTYRY), or equivalently, for any T > 0,
d p
W N =0 i CTOTLEER) A IRN)). (63)

Moreover, for each ugi,ugy € H*(RY) and T > 0 the solutions above satisfy Lipschitz
condition

(-, uor) — u(:, wo2)| (o, L2@Ny)nr2 o,y m2@Ny) < (1) || uor — oz || 2@y, (3.4)

where ¢(T') is a positive constant independent of initial data.
14



Proof: Note that from Proposition 2.5 and the estimates in Lemmas [2.3]and [2.4] we have that
fo1(+, u") is bounded in L>°((0,T), L*(RY)) and fo2(+, u") is bounded in L*>((0,T"), L (RM))
uniformly with respect to n € (0,1]. Hence we can assume that fo;(-,u") converges weakly
to Fy in L*((0,T) x RY) and foo(+, u") converges weakly to Fy in L%((O,T) x RY).

Also, from Lemmafoj(-, u") = fo;(-,u) a.e. on [0, T]xRY for j = 1,2, and then Lemma
4.8 in [24], gives that F; = fo;(-,u) a.e. on [0,T] x RY for j = 1,2 and fo (-, u") = for(+,u)
weakly in L2((0, ), LA(R)) and foo(-, u") — foa(-, u) weakly in L ((0,T), L% (RN)).

On the other hand weak continuity properties of linear continuous operators give that
A%y — A%y and m(z)u” — m(z)u weakly in L2((0,T), (H*(RN))"); see e.g. page 204, [30].

So it remains to prove that nA¥u” — 0 in a weak sense. For this, take a very smooth
function ¢ € L?((0,7T), H*(R")) and then

T
n//u”A%gb—)O
0o JRN
as n — 0.

Therefore, passing to the limit in (2.1)) we get that the limit function satisfies (3.3]), which
is equivalent to (3.2]) by e.g. Lemma 7.4 in [30].
To prove the uniqueness, observe that if for um, u02 € H*RN) and T > 0 we consider

functions u' = u(-,ug1), u? = u(-, ugz) satisfying (3.1 and (3.3) then V() = ul(t) — u3(t)
satisfies 2 + A%V = (f(z,u'(t)) — f(z,u*(t))) in L% ((O T), (H*(RY) N LP+1(RN))) and
Ve LPH((0,T), H*(RY) N LPHH(RY)). Hence

/RN(%@)V@) HIAV) = (f(w,u' () — flz, 1))V (E) =0

for a.e. t > 0. From (|1.14)) we then have, for ¢ > 0,

1d

3 51V a4 €AV any + [ (1= 2)|AVE = L@)IVP) <0
RN

and using Proposition we obtain, for some and w, € R,

1d
2 dt

for a.e. t > 0. Dropping the middle term above, Gronwall’s lemma gives

IV Ollz@yy < (DIVO)2@y), 0<t<T

VI Ze@n) + llAV L2 @r) + we|VIT2@w) <0 (3.5)

Using this and integrating in . ) leads to

T
[ 1AV Iy, < ADIVO) e
0
which proves (3.4)) and, in particular, the claim on uniqueness. Il

Remark 3.3. i) Observe that the uniqueness in Theorem implies that the whole family
of approximate solutions u" converges to u as n — 0% as in Lemma .
ii) Note that if we had that

up € Ly, ((0,7), P (RY))
15



then we would get, taking u; as a test function in , the energy estimate for the limit
equation

d

Z(B(®) + w72y = 0.

In fact, from Proposition below, in the critical case we have
u, € LEH((0,7), HA(RY)),

loc

and we get the energy as above; see see Proposition below.
We also have

Corollary 3.4. For ug € H*(RY), with ||uo||r2@y) < R and T > 0, the solutions of
in Theorem satisfy the following estimates, for 0 <t < T,

i)
[t 72y < Mi(R, T)

1
HUH%Q((O,T),HQ(RN)) + ap||U||Zt+1((o7T)7Lp+1(RN)) < My(R,T)

e ()72 @y < (=A% +m)uo + fo(- uo) + gll72@re ™"

el 22 0.0, m2 )y < Cll(=A2 +m)ug + fol- uo) + gll7a@ny (€™ + 1),
for some w € R.
i)
[wll Lo 0.1y 2@V Lo @)y < ¢(E(uo) + Mi(R,T) +1).
Also, for 0 <1 < T, they satisfy
i)
[l Loe () 2@y Lee vy < Ms(R, 7, T)

v)
||U’t||2L°°((7-,T)’L2(RN)) S M4(R, T, T)

el 2y, mr2znyy < Ms(R, 7, T).
Additionally, if holds for some wy > 0 we have
()22 gy < lletol[2aqye™ + M (1L = e=1)

for some M,w > 0 and in the bounds above My, M3, My and Ms can be taken independent
of T.

Remark 3.5. If we have an estimate as in Remark then weak lower semicontinuity
will give again that given |Jug||2@yy < R and 0 <7 < T,

“u”?ﬁ(RN) < Mg(R,7,T).
which gives an L=(RY) bound, independent of n, for every p > p. in dimension N < 5.
Proposition 3.6. For ug € H*(R") the solution of in Theorem satisfies the

variation of constants formula

u(t) = e A + /t e 29 £ u(s))ds, t > 0. (3.6)
0
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Proof: Letting X = H?*(RY) N LPTY(RY), we have that f(-,u(-)) € LL;((O,T),X’) —
LY((0,7),X’) and (3.2) implies
d
T v+ (u, A% e = (F (- 0), ) = 0
for a.e. t > 0 whenever v € HY(RY) N LPTHRY).

On the other hand, A? generates a C° analytic semigroup {e*Azt} in H%(RY) and in
LPHY(RN) (see [12]). In particular {2} is a C°-semigroup in X = H?(RY) N LPTH(RYN)
whose generator is the realization of —A? in X. Consequently, by [29, Corollary 1.10.6],

{e=2""} is also a C° semigroup in X’ (as the the adjoint semigroup generated by the adjoint
infinitesimal operator).
Therefore the results in 7] gives that u satisfies (3.6]). O

3.2. Initial conditions in L*(R"). We now obtain limit solutions for initial data in L*(RY).

Theorem 3.7. Assume (1.5)-(1.1{).

If ug € L*(RYN) then for any sequence {up,} C H*™(RY) converging to uy in L*(RY),
the sequence of solutions of (1.1), {u(t;ue,)}, as in Theorem is a Cauchy sequence in
C([0,T], LA(RN)) N L2((0,T), H*(RYN)) for every T > 0.

i) The limit function u(-;ug) is independent of the sequence {uo,} C H*(RY) and satisfies

w e C(0,T], L*(RY)) 1 I2((0,T), H*(RY)), T >0,
and for all ugy, upg € L*(RY) and T > 0,
(-, uor) — ul:, wo2)llc(o,r), L2@™ L2 o), m2@yy) < (1) ||uor — o2 || 2@y,
for some ¢(T) > 0. In particular, u(t;ug) is continuous in L*(RY) with respect to (t,ug) €
[0,00) x L*(RY).
ii) For any T > 71 >0
u(,uo) € L%((r, T), H*(RY) N LPHRY)) N H (7, T), H*(RY))
and satisfies i the sense that

/ (%v + Aulv — f(z,u)v) =0
o dl

holds for a.e. t > 0 with any v € H*(RY) N LPTYRY), or equivalently,

W A% fu) =0 in L, ((0,00), (H2(RY) 0 L (RY))).

Also, for any T > 0,
t

u(t) = e‘AQ(t_T)u(T) +/ 6_A2(t_s)f(-, u(s))ds, t >
and u(t) — up in L*(RY) as 7 — 0.
ii) Furthermore, if ug € H*(RN) N LPTYRY) then

w: [0,T] — H*(RY) N LPH(RY) is weakly continuous.
i) Finally, estimates in Corollary hold as follows. FEstimates i), iv) and v) hold for
ug € LARY), estimate ii) holds if ug € HYRN) N LPYYRY) and estimate iii) holds if

wo € HARN) N LA+ (RV).
17



Proof: Part i) follows from (3.4])) while the first part of ii) follows from estimates iv) and v)
in Corollary and weak lower semicontinuity. Also, from (3.3) we have for u™ = u(-; uf)
and 0 <7 <T),
du" 2, n n : etl 2N +1 /Ny
W fa) =0 i L (), (R 0 4 (R)))
Now observe that the estimates i), iv) and v) in Corollary for u™ are uniform in n € N
and then as in the proof of Theorem [3.2] we have ul — u; weak-* in L>=((7,T), L*(RY)) and
weakly in L2((7,T), H*(R™)), for(-,u™) = for(-,u) weakly in L?((7,T), L*(RY)), foo(-,u™) —
p+1 p+1
fo2(+, u) weakly in L%((T, T),L%(]RN)), A%y — A2y and m(x)u™ — m(z)u weakly in
L*((0,7), (HQ(RN))/). Hence passing to the limit we get
du ) : e 2N +1NYY
E+A uw— f(,u)=0 in L2 ((0,00), (H*(RY) N LHR™))).
Also, using Proposition [3.6] we get the rest.
Part iii) follows from continuity of w in L?(R") and [31, Theorem 2.1]; see also Lemma
3.3, page 72 in [32].
Finally, part iv) follows from weak lower semicontinuity of the norms. U

Remark 3.8. i) Note that if we had that
up € Lt ((0,7), L (RY))

loc

then we would get, taking u; as a test function in , the energy estimate for the limat
equation
d
T (E(®) + w2y = 0.
In fact, from Proposition below, in the critical case we have
u € L' ((0,T), H*(RY)),

loc

and we get the energy as above; see Proposition below.

Remark 3.9. Note that for reaction diffusion equations as in , USING MaATIMum prin-
ciples, one obtains that u € L>®((7,T), L>(RY)). Hence fo(-,u) € L>=((r,T), L*(RY)) and
much further reqularity of u follows by the variation of constants formula, see [3].

Also, for , if p is subcritical, we also obtain that v € L®((7,T),L>*(RY)), see
[13]. Here we are able to obtain only that u € L=((r,T), L/TY(RY)). Hence fool-,u) €

ptl

L ((r, T),L%(RN)) and the larger the p the worse is the estimate, since %} — 1 as

p — 0o. Also, since p is critical or supercritical using u € L=((7,T), H*(RY)) and Sobolev
embedding does not give better estimates either.

To end this section we prove that in the critical case, p = %, the solution of
constructed in Theorem for initial data in H**(RY) and in Theorem , for initial data
in H%(RY), coincide with the solutions constructed in [12]. This, in particular, shows that in
the assumptions of the theorems above, the solutions of the critical case are globally defined.
This extends the results obtained in [13].

We first recall the local existence-uniqueness result established in [I12, Theorem 1.4].
18



Proposition 3.10. Assume (1.5)- .
If p = % then is locally well posed in H*(RN). Furthermore, the solution u of

through ug € H*(RY) satisfies
u € C([0,74,), H(RY) N C((0, 7, ), H'(RY)) N CH((0, 7), L*(RY)), (3.7)

where [0, Ty,) s the mazimal interval of existence of this solution.
Moreover u € C1((0,7,,), H¥Y(RN)) for any 6 < 1.

Proof: The existence of solution and come straight from [12, Theorem 1.4].

The extra C' regularity comes from observing that in the proof of that result one actually
has that the nonlinear term is Lipschitz on bounded sets from H?**¢(RY) into L?*(R") for
some € > 0. Hence, since u(r) € H**(R") for any 7 > 0, then the smoothing effect of the
equation gives the result, see e.g. Theorem 3.5.2, page 71, in [23] and [10]. O

Then we have

Proposition 3.11. Assume — and suppose that p = N+4

i) For ug € H*(RY), with k as in , the solutions of (l) as in Theorem [3.4 and as
in Proposition |3.10 coincide. In particular, T,, = oo in Proposition |3.10.
i) For ug € H*RY), the solutions of in Theorem and as in Proposition
coincide. In particular, T,, = 0o in Proposition |5.10,

In either case above, the solution of satisfies the energy equation

d
Z(E@®) + @@y =0, t>0.

Proof: For ug as in the two cases in the statement, the solution in Theorems or and
the solution in Proposition 10f all satlsfy (13-2) and for t > 0. Hence we can proceed
as in the proof of Theorem [3.2|to obtain (3.5 and from here (3.4 ) This implies in turn that
all solution coincide.

Finally the energy estimate follows as in Remarks and [3.8] using the regularity of the
solution obtained above. Il

4. SEMIGROUP OF LIMIT SOLUTIONS IN L?(R") AND A GLOBAL ATTRACTOR

As a consequence of Theorem [3.7] we have the nonlinear semigroup {S(t) : ¢ > 0} associated
with (1.1)) in L2(R"); namely

S(t) : LA (RY) — LA(RY), S(t)up = u(t;ue) for t >0, ug € L*(RY), (4.1)

where u(t; up) is as in Theorem [3.7 In particular we have thus proved Theorem [1.1]
We also have the following.

Lemma 4.1. Assume (1.5)- . Then,

i) for any to > 0 and any ball B in L*(RY) we have that S(ty)B is bounded in H*(R™) N
L (RY),

i) for each t >0, S(t) leaves H*(RN) N LPTY(RY) invariant and {S(t) : t > 0} restricted to
H2RN) N LPAYRY) is a closed semigroup in H?(RN) N LPHHRY),

Proof: Part i) is a consequence of estimate iv) in Corollary [3.4] (see Theorem [3.7]iii)-iv)).

ii) The invariance is a consequence of part iii) in Theorem 3.7} For the closeness, if H2(R™)N

LPPHRYN) 3 ug, — ug in HA(RY)NLPHHRY), ¢ > 0 and S(t)ug, — v in HQ(RN)OLPH(R ),
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then by continuity in L*(RY), S()ug, converges in L*(R") both to S(t)uy and to v which
yields that v = S(t)uy. 0

We also have the following.

Lemma 4.2. For every 0 < 7 < T < 0o, the semigroup S(t) is continuous from L*(R™)
into H2(RY), uniformly on [r,T).

Proof: Consider ug, — ug in L2(RY) and u”(t) = S()uon, u(t) = S(t)up. From Theorem|3.7]
we have that V"(t) = u"(t)—u(t) satisfies the equation &=+A?V" = (f(z, u"(t))— f(z, u(t)))

in L% ((r,T), (H*RN) 0 L (RN)Y), and V€ LY (7, T), HA(RY) 0 L+ (RV)). Thus,

| SOV + AV OF ~ (Fal(0) - e OV ) =0 ac.t>0.

From (|1.14) we then have, for ¢ > 0,

| GOV O+ el AV Ol + [ (1= IAVOF = LV (o)) <0

and using Proposition [2.1| we obtain, for some and w. € R,

dvn n n n
GOV + AV Ol g, + IV Ol e, <0

for a.e. t > 0. Hence,
avn
dt

By part iv) in Theorem the right hand side above is bounded above, in [r,T], by a
multiple of ||[V™(t)|| 2@~y which is a continuous function of ¢, as is the left hand side above.

Therefore, by part i) in Theorem we have ||[V™(t)| 2@yy — 0, as n — oo, uniformly
on [r,T], and therefore ||V"(t)|| g2~y — 0, as n — oo, uniformly on [, 7] as well. O

DAV (1) sy < eV O sqam, + | Ollzam [V Oll sy ae. t> 0.

In what follows we show that if solutions of the linear problem (|1.16|) are asymptotically
decaying in L?(R") the semigroup has strong dissipativeness properties. In particular, there
exists a global attractor in the sense of [22].

Lemma 4.3. Assume f and suppose that holds for some wy > 0. Then
i) there exists a ball in L*(RY) absorbing bounded sets in L*(RY) under {S(t) : t > 0}; that
is, there exists Ry > 0 such that for any bounded set B C L*(R"Y) of initial data of and
a certain Ty > 0 we have

[S(t)uol| L2y < Ry for allt > T and uy € B. (4.2)
ii) there exists a bounded subset By of H?(RM) N LPHL(RYN) absorbing bounded subsets of
LY(RY), that is
S(t)B C By forallt>tp and uy € B
whenever B is bounded in L*(RY).
Thus, for each B bounded in L*>(RN) the positive orbit v©(B) = Ui>oS(t)B is eventually

bounded in H*(RY) N LPTH(RY).
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Proof: From Theorem the solutions satisfy Corollary part v) and so we have
[u() |72 @ny < ol Ze@vye™" + e,

with w > 0, which proves (4.2)).
ii) Now Lemma and part i) gives part ii). In fact, from i), the ball of radius Ry in L*(RY),
Bg,, is absorbing. Thus, By = S(1) B, is bounded and absorbing in H?(R¥)NL/TH(RY). O

The next result will imply the asymptotic compactness of the semigroup in L?(RY).

Lemma 4.4. Assume (1.5)- and suppose that holds with some wy > 0.

If B is bounded in L*(RY) then for any e > 0 there exist ty > 0 and ko > 0 such that

sup sup ||u(t; wo) || L2 (fe[>ko}) < € (4.3)
up€EB t>to
sup sup{ [|u(Z; uo) || o1 ((lz> ko)) 1wt wo) || B2 (lei>hop } < € (4.4)

upEB t>to
Consequently, from each sequence of the form {S(t,)uo,}, where {ug,} C B and t, — oo,
one can choose a subsequence convergent in L?(R™)-norm.
Proof: We fix a smooth 6, : [0,00) — [0, 1] such that §y(z) = 0 for z € [0,1] and 0y(z) = 1
for = > 2. We let 6(z) = 6}(z) for z > 0 and define ¢y(x) = 9(‘,2—'22) for each z € RY and

k € N. We also fix B bounded in L?(RY).
Using the test function v = u¢, we obtain

%% N “2¢k+/RN|AU|2¢’“:_/RN Au(uA¢k+2V¢k~Vu)+/RN uf(z,u)¢p.  (4.5)

Thanks to Lemma ii) and properties of cut-off functions there exists a constant ¢ > 0

such that
c

—, t
k?

1 1 1 1
Since A(u¢?) = ¢p Au+2Vu - V(¢7) + uA(¢} ), using Lemma |4.3]ii) we also obtain that
for each v > 0 there is a certain constant, ¢,, such that

1 1 1 v 1
[ 1aapor = [ (auoh) 290 vish —uawd)’ = [ - DiausP - .
RN RN RN 2 k'
On the other hand from ([1.12)) we get
| ut@was [ cwwetr+ [ Do, [ o
RN RN RN RN
and hence (4.5)) transforms into
1d 9 1 1 v 1
- - A 2 (1 -2 A 2|2 / p+1
sii Lo s [ aukass0-2) [ awodE+a, [ e

)2 Cv
< [ c@oly+ [ Do+ 5.

RN

(4.6)

1 1
We next have [pn D(2)[ul¢r < | D@ || Ls@)lludg || o @ay which due to (1.13) and the embed-

, L 1 1
ding H*(RY) < L* (RY) can be bounded by ¢|| D7 || @) (| A(ud?) || r2@ny + | ud || 2@y)-
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Hence we get
v 1 &2 1
[ D@lulér < KA e, + 106 Eager) + 1100
RN 14
From (4.6)—(4.7) we have
1 d % ) 1 2 p+1 1 % 2 % 2
Sl By + 5 [ AuPor+a, [l oS [ (0= vl AR — 20(x) (ug)?)
th 2 RN RN 2 RN

Lo @®N): (4.7)

v % 2 52 % 2 Cy
< _||u¢k HLQ(RN) + ;”quk L5 (RN) + %

and using Proposition with v > 0 small enough so that w(v) — & =: w > 0 we infer that

1d 1 2 cl,
9 dtHka |72 ®y) T35 9 /N | Aul*y, "‘%/ |ul" o+ HUQ% |72 ®Y) = _HD% 17 (RN) %
(4.8)

In particular, zj(t) := ||u(t )(bk 12, (v satisfies the differential inequality 2. () Fwz(t) < ¢,

2

where w > 0 and ¢}, = ? <f{|m‘>k} |D|S> + % — 0 as k — oo, which leads to 1'
Now in (4.8)) for ¢ > t; and k large enough, using the estimate in Corollary part v)

(see Theorem [3.7]1v)),

33100t sl = | [ weuon] < a0 e, < Ce.

Thus, from (4.8)), we get

1
§/N | Aul?y, +ap/N lul" o < Ce, t>t
R R
and we prove the second estimate in the statement.
For {S(t,)uo,} and € > 0 we now have

1S (tn)uon — S(tm)tom || L2({a/>ko}) < €

for all n,m > Ny and some kg, Ny > 0. Since, due to Lemma ii), almost all elements of

the sequence {S(t,)uq, } lie in a bounded subset of H2(RY), then using compact embedding

H2({|z| < k}) <= L*({]z| < k}) there exists a subsequence, {S(,)ug, }, which converges in

L*({|x| < k}) for any k € N. Hence this subsequence is a Cauchy sequence in L*(RY) and

the proof is complete. O
Now we can finally prove the following.

Theorem 4.5. Assume f and suppose that holds for some wqy strictly
positive.
Then, the semigroup associated to in L2(R™) has a global attractor A, which is

invariant, compact in L*(RY) and

sup inf ||S(t)b — a| g2@yy — 0 as t — o0

beB acA
for each bounded subset B of L>(RY). In addition, A is compact in H*(RY) and bounded in
H2(RY) N LPYRY).
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Proof: From Lemmas[£.3] [£.4) we have that the semigroup is bounded dissipative and asymp-
totically compact in L2(RY). Thus there is a global attractor A in L*(RY) (see [25, 22])
which due to Lemma[4.1]i) is bounded in H2(RY)NLPT(RY). Due to Lemma[d.2] A = S(1)A
is also compact in H2(RY).

Now we prove that the attractor A attracts bounded subsets of L?(RY) with respect to the
Hausdorff semi-distance in H?(RY). Indeed, if this is not the case, then there is a sequence of
the form {S(¢,)uon }, where {ug, } is bounded in L?(R"), ¢, — oo and {S(t,)ug, } is separated
from A in the topology of H*(RY). Since A is a global attractor in L*(RY), choosing a
subsequence if necessary, we have that {S(t,,—1)ug, } converges to a certain ¢» € A in L*(RY).
But A C H*(RY) N LPTYRY) so that v € H*(RY) and by continuity of S(¢) from L?(R")
into H2(RV) in Lemma [£.2] we conclude that A > S(1)¢ = lim, 0 S(1)S(t, — ug, =
lim,, oo S(t,)ug, in H2(RY), which is absurd. O

Remark 4.6. If we have a bound in H3(RY) as in Remark and if p < N+6 then due
to and the compact embedding H*(B(r)) < LT (B(r)) for balls B(r) C RN of radius
r> O, the semigroup {S(t) : t > 0} would be asymptotically compact in H?(RN) N LPH(RY).
This holds in particular for any p > 1 if N < 6.

In such a case, since {S(t) : t > 0} is also a closed, bounded dissipative semigroup in the
latter space (see Lemmas |4. 1] .) there would exist then a global attractor in H*(RM) N
LPHHRY), see [28, [I1], and it would coincide with the attractor A in Theorem |/ In
particular, A in Theorem[{.5 would be then compact in H*(RN)NLPTH(RY) and would attmct
bounded subsets of L*(RN) with respect to the Hausdorff semidistance in H*(RN )N LA RY).

Remark 4.7. Also, from Theorem observe that in the critical case p = p. = %,
(N >5), taking initial data in H*(RY), Proposition applies and the energy in is
a Lyapunov function for the semigroup {S(t) : t > 0} in H*(RN) (see [22, pp. 49-50]); that
18,
(i) E: H}(RYN) — R is continuous and bounded below,
(ii) E(uo) — 00 as ||ugl| g2wyy — 00,
(iii) E(S(t)ug) is nonincreasing in t for each ug € H*(RY),
(iv) if ug is such that S(t)ug is defined for allt € R and E(S(t)ug) = E(ug) fort € R

then ug 1s an equilibrium point.

In particular the attractor A in Theorem [{.5 coincides in this case with the unstable set of
the set € of equilibria; that is A = W*(E). Also, the semigroup S(t) is a gradient system,
see Definition 3.8.1 in [22].

Note that if p > p. the above argument does not apply. However we will obtain below some
convergence of solutions to stationary solutions (see Theorem below).

We now show that each solution converge, forwards in time, to the set of equilibria.

Theorem 4.8. Under the assumptions of Theorem[4.5 the set of equilibria € of the semigroup
{S(t) : t > 0} is nonempty and attracts in H*(RY) points of L*(RY). Namely, for each
ug € LA(RY) and any sequence t, — oo, there is a subsequence {t,,} and an equilibrium
p € &, such that

S(tn, )ug — @ in H*(RY) as k — oc. (4.9)

Proof: Suppose that uy € L2(RY), t, — oo and let u = S(t)ug. Following [6, §3.5] (see

also [14]) it suffices to find an auxiliary sequence {t,} such that t, € [t, —a,t, — b] for some
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fixed a,b > 0 and {u(#,)} has a subsequence convergent in L?(RY) to equilibrium. If this is
the case, letting 7, := t, — t, € [a,b] and using that S(t,)ug = S(7,)S (%, )uo, we can assume
that {7,,} has a convergent subsequence. Then using Lemma we obtain (4.9).

From estimate v) in Corollary [3.4] we have

/ Hut“%,Q(RN) < My(R,7), (4.10)

while u satisfies ([1.1)) as in Theorem- 3.7, for all t € RT\Z, and Z, has zero Lebesgue measure.
From (4.10)), choosmg a subsequence if necessary, we have that ft" 3 [|we]|3 ®v) = 0.
Consequently for each n € N there exists a certain ¢, € [t, — 1,, ] t, ¢ T, such that

|| (2 ”>||L2(RN) <4 ftrl HUtHLz(RN) as otherwise, integrating both sides in the set [t, —1,t, —
3] we get the contradiction. Hence,
||ut(£n)||%2(RN) — 0 as n — oo. (411)

Hence, choosing a subsequence if necessary we can assume that for some ¢ € A C
H?2(RY) N LPPYRY)

u(t,) — ¢ strongly in H*(RY) and  u(t,;2) — ¢(x) for a.e. x € RY. (4.12)

Also, since {u(t,)} is bounded in H2(RYM) N LP*Y(RY), see Lemma ii), we have

that {m() (t)}, {for(u(t,)} and {foo(-, u i~ »)} are bounded in H~2(RY), L?*(RY) and

in L% (RN ) respectively (see Proposition and (2.11)). Taking again a subsequence if
necessary, we can assume that

u(t,) — xo weakly in H*(RY) N LPHHRY),

for (- u(tn)) = x1 weakly in LQ(RN)

for(- u(fn)) = x2 weakly in L% (RY), (4.13)
Au(t,) = x3 weakly in L*(RY),

m()u(t,) — xa weakly in H3(R").

Now, using (4 and the continuity of fo1, fos, and we get fo;(u(tn; ) — fo;(¢(x)) ae.
x € RN for j = 1 2 Thus, we actually have xo = ¢, x1 = fo1(+, ¢) and x2 = fo2(+, ¢). Using

weak continuity property of linear operators (see [8, Theorem II1.9]) we also have x3 = Ag
and x4 = m(-)p.
Since, we have

/ (Ccll::( tn)v + Au(t,) Av — gv — m(z)u(t)v — fo(z,u(ts))v — foo(a, u(t,))v) =0

for each n € N and v € H%(Q) N LPTL(RY), passing to the limit as n — oo we obtain via

(11), ([.13) that
/ (ASOAU — gu — m(I)<PU — fOl(% SO)U - foz(l’, QO)U) =0 for any v € HQ(Q) N Lp""l(]RN),
]RN

Hence ¢ € H*(RY) N LPPHRY) is an equilibrium of (1.1)). O
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5. FINITE TIME EXISTENCE AND ILL POSED PROBLEMS

In this section we consider the Cauchy problem ([1.18) with p > 1, that is

ug + A% = ufulP™t, t>0, r € RY, (5.1)
u(0,7) = up(x), v € RY, '
for which the energy is
1 1
E(u) = Aul? — —— i 2
=g [ - — [ (5.2

(see ([1.19))).

5.1. Finite time existence. In what follows, using concavity method (see [27]), we prove
in Theorem that suitably smooth solutions of (5.1)) corresponding to initial data with
negative energy cease to exist in a finite time.

Given p > 1, let ug be a smooth enough function. Then we say that u(z,t) is a local
finite energy solution of if it is defined for some 0 < t < T' < oo and for each ¢,
u(t) € H?*(RY) N LPH(RY), uy(t) € L2(RY), satisfies the equation in and t — E(u(t))
is absolutely continuous.

Remark 5.1. If N < 8, given p > 1, the nonlinear term f in 1s Lipschitz continuous
map from HY*(RYN) into L2 (RYN) for a < 1 close enough to 1. Using then the results in [23,
Chapter 3] (see also [33, Theorem 1.1]) we obtain that for each ug € HY(RYN) there exists a
function

u € C([0,7,), H{RY) N C([0, ), LARY)) N CH((0, 73, ), H*(RY))

satisfying in L2(RYN) both relations in as long as it exists. In particular, it s a local
finite energy solution.

Theorem 5.2. Let p > 1 and assume ug is a smooth enough initial data such that
E(UO> < 0.

Assume also that u(x,t) is a local finite energy solution of .
Then u ceases to exist in a finite time.

Proof: Observe that, since the local solution is smooth enough we have,

d
S (BW) =l

which implies

E(ult)) = - / el ogany + E(u)  and  E(u(t)) < E(uo).

On the other hand, from the equation in ([5.1)) we infer that

1d
2dtHuHL2(RN) HAUHL2(RN + HUH'ZJ;L (RN)

and using the energy we get for a > 0

1d «Q
e (5 ) Bl + (1= 5 ) Wl ey — B0 63
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We now choose
ae(2,p+1)
so that the coefficients in the parenthesis in (5.3]) are positive; namely

150 and 1—- -2 >0

2 p+1
in which case
ld, o ' 2
5 gplUllze@ry 2 —aB(u(t)) = a | luliz@y) — aB(uo) 2 —aE(u). (5.4)
0
In particular, if E(ug) < 0 then
d t
Glulen = 20 [l > 0 (5.5
and (5.4]) yields
[u(®)Z2@ry > —20E (uo)t + lluoll72@ry == R(1) (5.6)

and the right hand side R(t) — oo as t — o0.
Now we define

t
MO = [ il
and observe that (5.5)) reads

d>*M t
0220 [l
0

Also, we have

oS 0 220 ([ [ ) =S ([ tiaen)) =% (B - D))

and hence )
d*M Q dM
M0 > (5 -2 (G 0) | 5:7)
provided that
Q dM Q 2¢ \ dM
< = 11+ =00, :
56(0,2) and o (t)>2€< + +a> i (0) (5.8)

Assume the local finite energy solution, u, exists for all ¢ > 0. Then (j5.6)) implies that
M(t) — oo and “L(t) — 0o as t — oco. In particular (5.8) holds for ¢ > ¢o. But now (5.7)
implies that 0 < M*(¢) is concave with f =1+¢ — ¢ < 0, provided 0 < & < ¢ — 1. Since
MP(t) — 0 as t — oo, this is a contradiction. O

Remark 5.3. Note that, since p > 1, for any nontrivial uy € H*(RN)NLPYYHRY) ezamining
the energy along the ray of ug,

Els o st i
E(sug) = - | Aug|* — —— |uo|
RN p+ 1 RN

we have that E(0) = 0, while E(sug) > 0 for s € (0,s0) and E(sug) < 0 for s > so, where sg
depends on uyg.
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5.2. 1ll posed supercritical problems. In this section we give evidence that if p is super-
critical then (j5.1)) is ill posed.
For this we start with the following simple lemma.

Lemma 5.4. Assume p > 1 and u(z,t) is a smooth solution of for x € RY and
0<t<T.
Then for A > 0 and

the rescaled function
up(t, ) = \u(\t Ax), zeRY, 0<t< — (5.9)

s also a solution of .
Proof: Observe that u, satisfies
(up) + Auy = X (w + A%u) = D N [T
and the rest is immediate since o +4 — ap = 0. U
Then we have the following ill-possedness result.

Theorem 5.5. Assume
N +4

N —4
and assume ug 18 a smooth enough initial data such that

E(Uo) <0

and there exists a local finite energy solution of .
Then 15 ill posed in the sense of Hadamard in the class of finite energy solutions.
More precisely there exists a sequence of smooth functions wg such that

up — 0 in H*RY) N LPHHRY)

p >

with negative energy, E(ul) < 0, and the corresponding finite energy solutions have ezistence
times

T, — 0.
If
~ N+4
T N-4
then is not uniformly well posed in the class of finite energy solutions. More precisely
there exists a sequence of smooth functions ug such that

uy s bounded in  H*(RY) N LPHH(RY)

p

with negative energy, E(ul) < 0, and the corresponding finite energy solutions have ezistence
times
T, — 0.
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Proof: By Theorem the local finite energy solution is only defined for 0 < ¢ < T < oo.
Consider then the rescaled solution uy(z,t) as in Lemma [5.4] which has initial data

4
0) = A\ up(A = —.
U)\( ) uO( SL’), Q ,0—1
Now, as A — o0, the solution wu) is defined for 0 < t < % — 0, while the initial data
satisfies
_N
[ux(0)][ 2@y = A% 2 [|luo || L2y,
_N
[ Aux(0) || 2@y = A7 || Aug|| z2®e),
N
“uA(O)HLP“(RN) = A" et HUOHLerl(]RN)
and
\2(a+2-3) \a(p+1) =N
E )= -—"- 2~ p+1 — )\a(p+1)fNE <0
(s 0) = 5 [ 18w = [ (1) < 0.
because
N
2(a+2—5) =a(p+1)—N.
Now when p > % then
N N
2+Oé—5<0, Oé—m<0 and Oé(p+1)-N<0
hence

uy(0) =0 in H*RY)n L(RY)
and we get the result.
On the other hand, if p = %

N
2—|—a—§:O, and a(p+1)—N=0
hence
uy(0) is bounded in  H*(R™) N LF(RY)
and we get the result. Il

Concerning some other classes of solutions, we have the following. Following [12] the
critical exponent in LI(RY), for 1 < ¢ < oo, is

4q
c — 1 T
p + N
while the critical exponent in HZ(RY) is
4q
=1 .
P + N —2q

That means that if p < p. and uy € X, where X = LI(R"Y) or HqZ(RN ) then there exists a
suitable local solution of (|5.1)).
So, given p > 1 and uy € X, we say u(z,t) is a local X solution of (5.1)) if it is defined for

some 0 <t < T < oo, u(t) € X and satisfies the equation in ({5.1)).
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Remark 5.6. For exzample, if m € L®(RY), g € L*(RY) N L¥(RY), N < 7 and ug €
HY(RY), the solution mentioned in Remark[5.1] is an LY(RYN) solution for 2 < q < oc.
If moreover 2 < q < 2% then it is an HJ(R") solution.

Theorem 5.7. Let X be either LY(RY) or H}(RY).

Assume that p > p.(X) and there exists ug € X and a local X solution that ceases to exist
in a finite time T

Then 15 ill posed in the sense of Hadamard in the class of X solutions. More precisely
there exists a sequence of smooth functions ug such that

uy —0 mm X
and the corresponding local X solutions have existence times
T, — 0.
If p = pe(X) there exists a sequence of smooth functions uf such that
ug 15 bounded i X
and the corresponding local X solutions have existence times

T, — 0.

Proof: With the solution u(z, t) in the statement, consider then the rescaled solution uy(z,t)
as in Lemma 5.4, which has initial data

4
0) = Xup(A = —.
(0 = N u(e), o =2
Now, as A — o0, the solution wu, is defined for 0 < t < /\l — 0, while the initial data
satisfies N
[ur(0)[| Lagrry = A" [[uo || Lagrny.-

Assume first X = LY(R”Y). Then, when p > p, we have

N
a——<0

q
and then

a_ N

| (0) || Larvy = A% 4 [|Jug || parvy — 0
and we get the result.
When p = p. we have o — % = 0 and then

|ux(0)[| Loy = [|uol| Lo
is bounded and we get the result.

Assume now that X = HZ(RY). We have now that

a N

ux(0) || Lagrry = A% [[uol| Lageny,
a N
||Au/\(0)||L‘1(]RN) = N ||Au0||Lq(RN)-

Now when p > p,

N

a+2—-—<0

q
and then

_N
||UA<O>||H3(]RN) < )\a+2 a ||u0||Hq2(RN) —0 as A — oo.
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Whenp:pcwehaveoz+2—%:Oandthen

[ur(0) || sz vy < luoll 2 vy

is bounded and we get the result. U

Remark 5.8. Note that similar arguments have been used for second order problems in [5].
In such a case more complete results have been given due again to the mazimum principle.

Remark 5.9. It remains an open problem if there exists an LY(RN)-solution or an H}(RY)
solution that actually ceases to exist in finite time.

From Proposition 3.2 in [13] we know that if for a solution of , we have a bound in
finite time in L (RN) N L=(RY) for some sy > 1, then we obtain bounds in HX(RYN) for
all s > sg. In particular, the solution exists up to that time. Also from Gronwall’s type
argument, a bound in finite time in L®(RY) implies a bound in LYRYN), if ug € LY(RY),
and hence the solution exists up to that time.

Therefore, if an LY(R™)-solution (or an HZ(R™) solution) ceases to exist in finite time
then for all s > 1 the norm in L*(RY) N L=®(RY) becomes unbounded in finite time.

6. FINAL REMARKS

As stressed in the Introduction a main difference between the solutions of the second order
problem and the second order one is that for supercritical good signed nonlinear
terms the solutions of the latter become bounded in space, due to comparison arguments.

As a consequence that for solutions of (|1.1)) we can not find such bound, we have not been
able to obtain results one would obtain f.

For example, in Theorems [3.2/and |3.7|no further smoothing than H?(R™)N LPH(RY) was
obtained for the solutions. Also, except for the critical case, see Proposition [3.11], we could
not derive in general the energy of the solutions, see Remark

On the other had, concerning the asymptotic behavior of solutions, we could not find
asymptotic compactness in LPT1(RY) despite the tail estimates in Lemma Only H%(RY)
asymptotic compactness was achieved. In particular we could not prove the attractor in
Theorem /4.5 attracts in L (RY). Analogously in Theorem {4.8 the convergence to equilibria
could not be proved in LPT(RY) either.

All these stem from the fact that, in the supercrticial regime, we can not control the
nonlinear term with the linear diffusion one.
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